This article addresses the problem of time-optimal motions for a mobile platform in a planar environment. The platform has two nonsteerable, independently driven wheels. The overall mission of the robot is expressed in terms of a sequence of via points at which the platform must be at rest in a given configuration (position and orientation). The objective is to plan time-optimal trajectories between these configurations, assuming an unobstructed environment.
trajectories with four switch times can reach any configuration. By numerical comparison with other trajectories involving similar or greater numbers of switch times, we then identify the sets of time-optimal trajectories. These are uniquely defined using ranges of the parameters and consist of subsets of trajectories with three switch times (for the problem when the final orientation of the robot is not specified) or four switch times (when a full final configuration is specified). We conclude with a description of the use of the method for trajectory planning for one of our robots and discuss some comparisons of sample time-optimal paths with minimum length paths.
Introduction
A variety of platform designs have been implemented for mobile robots. These can be classified in three major categories:
1. Omnidirectional platforms that utilize steerable wheels (Brooks 1990; Arkin 1990 ; Koren and Borenstein 1991), roller-equipped wheels (Blaisdell 1991), or orthogonal wheel assemblies (Killough and Pin 1990). 2. Car-like platforms that incorporate controlled steerable wheels on one axle and nonsteerable wheels on another axle (Vasseur et al. 1991 ).
3. Skid-steer platforms that include two nonsteerable, independently driven wheels (Giralt et al. 1984 ; Kanayama and Hartman 1989; Weisbin et al. 1989 ).
This article is concerned with skid-steer platforms. A typical mission for a mobile robot can be described by a sequence of via points at which the robot comes to rest in a given configuration (position and orientation) to perform a given task (manipulation, sensing, etc.) . The problem considered in this article is that of finding timeoptimal motions of the robot in Cartesian space and the corresponding control trajectories that will move the robot from an initial configuration to a final configuration in an unobstructed environment.
The proposed approach to find the control trajectories that lead to time-optimal motions of the platform involves utilization of Pontryagin's maximum principle (Pontryagin et al. 1986) . A variety of authors (Kahn and Roth 1971; Niv and Auslander 1984 ; Kim and Shin 1985; Weinreb and Bryson 1985; Nakamura and Hanafusa 1987; Bobrow 1988 ; Yamamoto and Mohri 1989) have applied the maximum principle to the optimal motion planning of serial-link manipulators. For the time-optimal motion of a manipulator with bounded control torques, the controls occur linearly in the Hamiltonian, and the optimal values of the controls are determined by the dual variables. When its dual variable is not zero, the optimal control is bang-bang (the optimal control is at its upper limit for a positive dual variable and at its lower limit for a negative dual variable). When its dual variable is zero for a finite interval, the optimal control is singular and will be in the region between the bounds. An important issue is to determine when the optimal solution is bang-bang and when it is singular. A variety of authors (Ailon and Langholtz 1985; Wen 1986 ; Van Willigenburg 1990 ; Chen and Desrochers 1990) (Osipov and Formal'skii 1988; Formal'skii and Osipov 1990 ) that the singular solution for the cylindrical case is not optimal. As discussed in the next section, the kinematics of a two-wheeled robot differ significantly from that of a serial-link manipulator, and to our knowledge, the time-optimal trajectories for a two-wheeled robot have never been found.
In the following sections, we present the equations of motion for a skid-steer type of platform moving on a flat, horizontal plane. We then use the maximum principle to derive the conditions for time-optimal motions of the platform and demonstrate that the optimal controls are always bang-bang. Using this result, we show that for a system with bounded wheel accelerations, control trajectories with three switch times (times at which one wheel's acceleration changes sign) allow the robot to reach any point in Cartesian space, while with four switch times, the robot can reach any configuration. We then show numerically that these paths are time optimal.
Kinematic Equations of Motion for the Platform
A skid-steer type of platform must satisfy nonholonomic constraints and cannot follow an arbitrary path through configuration space. In this section, we develop a kinematic model of the platform, assuming that the wheels do not slip and that the wheel accelerations can instantaneously switch from their upper limit to their lower limit. The configuration of the platform is described by three coordinates: the Cartesian coordinates, x and y, of the midpoint of the wheel axle with respect to an absolute reference frame, and the orientation, 0, of the platform main axis with respect to the reference frame ã xis (Fig. 1) (18) and (19)), they must be zero over the entire trajectory, and eqs. (23), (24), and (20) (21) and (22) (20) requires either X4 = -xs (which, with the conclusion of the previous sentence, leads to x~ = xs = 0-~i.e., the robot does not move during the entire interval), which is not an admissible solution; or 9(X3) = 0 (which has been treated as case 1 above and shown to lead to bangbang or inadmissible controls). Thus, all optimal control solutions for the system defined by eqs. (8)- (12), (25) Each first arc is uniquely defined by its value of T and the range of the parameter T required to sweep the first quadrant: 0 < T < T&dquo;2, where the value T'&dquo;'~(T) corresponds to the intersection with the y axis. The ratio of T'&dquo;1 and T is displayed in Figure 4 as a function of T. As discussed previously with eqs. (49) When T is equal to 1.095, 7m = T, and the ratio is 1.0. As T increases, the ratio decreases as expected, reaching Based on the above considerations, the remaining set of three-switch-time trajectories that are candidates for timeoptimal trajectories to a point is the uniquely defined set of trajectories reaching points on first arcs. Sample Cartesian paths of the robot for the candidate three-switch-time trajectories are displayed in Figure 5 Figure 6 . There are four significant intersection points (C, D, E, F) Figure 2 reach an orientation of 0.8 radians (at the points, eqs. (49) and (50) Figure 8 is symmetric about the ~ and y axis) and identify the location of the points G and H. Consider an arbitrary bang-bang trajectory that starts at (0,0,0) and reaches (.~,~,<~). Suppose that a second trajectory leaves (0,0,0) with the time reverse control trajectory (the length of the initial segment of the second trajectory will be equal to the length of the final segment of the first trajectory, but the signs of the control variables will be reversed). The holonomic variables (wheel rotation and final orientation) will be the same for the two trajectories, but the nonholonomic variables (x, y) will be different. Thus, the second trajectory will reach (x2, y2, (p).
If we let time run backward, the second trajectory is identical to the first, and we can derive a mapping from. Figure 9 , the final orientation is 0 = 0.80 radians, while in Figure 10 the final orientation is $ = 3.14 radians. In both figures, the curves are for T2 = 2, 4, 6, 8, and 10, and amax = 0.5 m/s2. Figure 10 includes only four sets of curves (rather than five, as in Figure 9 ), because the time required for a pure rotation of 3.14 radians (T2= 2.4) is longer than the first value for the parameter T (T~ = 2).
Sample Cartesian paths of the robot for some of these candidate time-optimal four-switch-time trajectories to a configuration are displayed (for the case where T2 = 10) in Figures 11 and 12 for final orientations of 0 = 0.8 radians and 0 = 3.14 radians, respectively. Note that, as the control trajectories evolve from Type 22-+ to 13+-to 22+-, the Cartesian trajectories change continuously.
Optimal Trajectories
In this section, we show that the candidate three-switchtime trajectories identified in the previous section provide time-optimal paths to a position, and the candidate fourswitch-time trajectories provide time-optimal paths to a configuration.
The maximum principle provides necessary (but not sufficient) conditions for an optimal trajectory. To show that a bang-bang trajectory is optimal, we must show that it satisfies the necessary conditions and that it is better than alternative paths. Indeed, we will find that some trajectories satisfy the necessary conditions but are not optimal. Since the candidate sets of trajectories have been identified through comparisons with trajectories involving the minimum needed number of switch times, we show that they are better than alternative paths by comparing them with trajectories with greater numbers of switch times. We will consider first the three-switch-time trajectories to a position. Consider the results shown in Figure 2 . Our subset of candidate time-optimal-trajectories includes the trajectories of the Type 12+-that end on the first arc (i.e., the portion of the curve that lies in the first quadrant). We have calculated the dual variables for a wide range of trajectories and found that all 12+-trajectories that end on first arcs satisfy the necessary conditions. Typical results for a trajectory defined by (T, T) _ (y1õ, .4) are displayed in Figure 13 . The trajectory reaches the point (0.66, 4.03) . For the right wheel, the acceleration is positive for (0.0 to 3.16) and negative for (3.16 to 6.32). The corresponding dual variable (~4) is found positive for (0.0 to 3.16) and negative for (3.16 to 6.32). For the left wheel, the acceleration is negative for (0.0 to 0.40), positive for (0.40 to 3.56), and negative for (3.56 to 6.32). The corresponding dual variable (~5 ) is found negative for (0.0 to 0.40), positive for (0.40 to 3.56), and negative for (3.56 to 6.32). Finally, the transversality condition requiring that ~3 = 0.0 at the end of the trajectory is seen to be verified.
We have also calculated the dual variables for the other 12+-trajectories, and it is interesting to note that they, too, satisfy the necessary conditions except for those that reach points on the spiral after it reenters the first quadrant (and the 12+-trajectories cross the 12++ trajectories). On the other hand, none of the 12++ trajectories satisfy the necessary conditions.
In a similar fashion, we have calculated the dual variables for a wide range of candidate time-optimal trajectories to a configuration (i.e., those four-switchtime trajectories that end at a configuration laying on CDHEFG envelops of the type shown in Figure 6) and have found that they satisfy the PMP necessary conditions. Typical results are displayed in Figure 14 for a 22+-trajectory corresponding to 0 = 0.8 radians, T2 = 10, and Tri = 2.84. The trajectory reaches the configuration (~, y, 0) = (0.20, 3.43, 0.8 [0, T] , then all n + 1-switch-time trajectories can be evolved from their parent n-switch-time trajectory. These can then be compared to ascertain whether the parent trajectories always reach farther than their &dquo;offspring&dquo; for a same total trajectory time.
First consider the special case when n = 2. The &dquo;best&dquo; trajectories with two switch times are pure translation (as opposed to the pure rotation trajectories that do not leave the origin). These trajectories are part of the candidate sets, although they only reach points on the x axis. However, it is clear from Figure 2 that when the parameter is varied, the two-switch-time trajectories reach farther than any three-switch-time trajectories (or trajectories with any greater number of switch times) that end on the x axis.
Thus, to reach points on the x axis, these two-switch-time trajectories clearly are the time-optimal ones.
Consider the case when n = 3. The three switch trajectories in Figure 2 Offspring four-switch-time trajectories are compared with the parent three-switch-time trajectories in Figure 15 (for Type 22) and Figure 16 (for Type 13). In both cases, results for the parameter increasing from 0.0 to 0.3 are displayed. As the parameter increases, the end points of the four-switch-time trajectories move monotonically toward the origin. Thus, the best three-switch-time trajectories always reach farther from the origin than the best four-switch-time trajectories, and the distance between the end points increases as the four switch paths become less like the three switch paths. Figure 20 and a lower right fixed point for the case of Figure 21 .
Similar families of curve can be easily generated to compare parents and offspring trajectories with five switch times and greater. The important general result of such an exercise is that the best offspring trajectories never reach farther than their parent best candidate for a same allowed total trajectory time.
In summary, any point in the plane can be reached by a three-switch-time trajectory that has been uniquely defined in Section 5.1 and shown to be time optimal by reaching the desired (~, y) position faster than other (Reister 1992) proved extremely satisfactory, as illustrated in Figure 22 . In the figure, the velocity target on one of the wheels and the actual velocity profile obtained during experiments with the robot are displayed by the solid and dotted lines, respectively. The velocity target is a three-switch-time trajectory of the wheel with a value of amax = 0.2 m/s2.
With this very good behavior of the controller, timeoptimal motions of the robot were realized with much less than 1% error.
Conclusions
Our objective has been to plan time-optimal motions for a mobile robot with two independently driven nonsteerable wheels from one static configuration to the next in an unobstructed planar environment. We have used Pontryagin' 
